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Sign-consistent estimation in a sparse Poisson model

M. Gomtsyan, C. Lévy-Leduc, S. Ouadah, L. Sansonnet

“Université Paris-Saclay, AgroParisTech, INRAE, UMR MIA Paris-Saclay, 22 place de
I’agronomie, Palaiseau, 91120, France

Abstract

In this work, we consider an estimation method in sparse Poisson models inspired by [1] and
provide novel sign consistency results under mild conditions.
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1. Introduction

Discrete-valued data arise in diverse applied scientific areas, ranging from finance to molecu-
lar biology and epidemiology. For example, as discussed in [2], in molecular biology, non-coding
genes are emerging as potential key regulators of the expression of protein-coding genes. Yet,
among numerous non-coding genes, only a few are likely to be involved for explaining the ex-
pression of the coding genes. Consequently, variable selection will help to identify the relevant
non-coding genes by obtaining sparse estimators, meaning that most of them are zero. A popular
approach in statistics for performing variable selection is the Lasso proposed by [3]. Besides, [4]
showed that Lasso has theoretical guarantees, under some mild conditions. More particularly,
Lasso is model selection consistent, meaning that Lasso chooses the true model. However, the
consistency results are established in a Gaussian setting, which may not hold for discrete-valued
data.

In this work we consider the following sparse Poisson model. Let Y1, ..., Y, be independent
random variables such that for all i,

Y; ~ Poisson(4’) with A* = exp(x8%), (D

where x; is the ith row of a n X p design matrix X and B* is a sparse vector of regression coef-
ficients in R?. The non-null coefficients correspond to the predictors that are relevant to explain
the response. In the following we will consider an estimation method inspired by [1] and provide
a novel sign consistency result.

The paper is organised as follows. Firstly, in Section 2 we present the statistical approach
for estimating B*. Next, in Section 3 we establish its sign-consistency. The detailed proof is
available in the Appendix.

2. Statistical approach

To estimate B* defined in Model (I)), we shall use the approximation proposed by [1]] which
consists in maximizing with respect to B8 the second order Taylor approximation of the log-
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likehood [ at the current estimate 8, namely:

o . N 1 < - N N
1B + Z Z Xixe(Yi = A)(Br = Br) — 3 AixigBr = Bi)xic(Be — Be),

i=1 k=1 i=1 1<k,t<p

where 1; = exp(x;8), which means maximizing

- - A IO =\ o (Yi—A)
Yi—A)xiB-P)—5 ) Ai(xB-B)) =
Z} (BB 22} (xi8 ) Z} "

This boils down to minimizing

(ﬁx;w—ﬁ))—% y (\//{'xi (.3 —B))z-

Z[ﬁXf(ﬂ—B)—%]2~

Minimizing this criterion can be viewed as the minimization with respect to 8 of the following
least-squares criterion: ||V — X,B|I§ where ||u||§ =20, u? for a vector u = (uy,...,u,) in R",

Y=XB+A'"?(Y-D) and X=4"X @)

A denoting the diagonal matrix having the 1;’s as diagonal elements, A being a column vector
having the A;’s as components and Y denoting a column vector having the Y;’s as components.

Thus, in order to obtain a sparse estimation of 8*, we will focus on finding B(«) defined for
a > 0 by:

Ba) = arﬂggin{lly - XBll; + allﬂll]}, 3)

where ||v||; = Z:] [ve| for a vector v = (vq,...,vp) in R”.
We shall establish the sign consistency of ,3 in Theorem (3.) of the following section.

3. Sign consistency

Let , e
XX d w=2X2 @)
n

C=

where AT denotes the transpose of the matrix A,

Y- A4
E=(8,...,8)" with & == forall 1<k<n 5)
Ak
Without loss of generality, suppose that B* = (B7,...5], ;+1’ e ,8;)T, where ﬂ’]'.‘ # 0 when
I <j<gandB; =0wheng+1< j< panddenote
Br=@t,....8)" and By =@B.....B0" ©)
Then,
_ (X[ Xi/n X[Xa/n) _(Cn Ci _ (W
C=\XIxin xTXom) ™ and = W=y, ) @

Cy Cxp
2



Theorem 3.1. Assume that Yy,...,Y, are independent random variables such that for all i,
Y; ~ Poisson(A}) with A} = exp(x;B*), where x; is the ith row of a design matrix X and B* is
defined in (6). Assume also that there exist positive constants My, My, M3, My, Ms, Mg, M7 and
¢y such that 0 < ¢y < 1, that p does not depend on n and that the following assumptions hold.

(T1) Forall k in {1,...,n}, |Ixill. < My and for all € in {1,...,p}, IxXO|, < M7, where x©
denotes the €th column of X.

(T2) B is a preliminary estimator of B* such that |,8l* _Bi| = Op(1/n), as n tends to infinity, for
alli=1,...,p.

(T3) With a probability tending to 1 as n tends to infinity, Amin(C11) = My, where Anin(A) denotes
the smallest eigenvalue of the matrix A and Cy, is defined in ().

(T4) With a probability tending to I as n tends to infinity, Amax(C12) < M3, Anax(C21) < M4, and
Amax(C22) < Ms, where Amax(A) denotes the largest eigenvalue of the matrix A.

¢

(T5) n™= min <<, |BF| = M.

Let us also suppose that the following condition called strong irrepresentable condition holds:
there exists T > 2/3 such that
|CaiCysign@BD)| < 1 -, 8)

with a probability tending to 1 when n tends to infinity, where the inequality has to be understood
cp+l

component by component. Then, for all @« = «, such that a, = O(nT), where 0 < ¢ <

c1 < 1, B defined in @) satisfies
]P’(sign(ﬁ) = sign(ﬂ*)) — 1, when n— .
The proof of Theorem[3.lrelies on the following proposition.

Proposition 3.2. Under the assumptions of Theorem[3.1] let

R =(C@B* -B) and R, = (CB* -P)). )
Then,
]P’(sign(B) = sign(ﬂ*)) > P(An N Bn),
where o
Ay = {ICT Wil < [B]| = Iy sign(B})] = IC7 Ry
and

_ (02 1 . _
By = {IC1Ci Wi = Wal < 5 (1= 1Ca Gy sign(B])) - I Ci{ Ry = Rol).

The proof of Proposition[3.2]is in[Appendix A.1

Proving Theorem[3.Tlconsists in showing that P(AS) and P(B) go to zero as n tends to infinity
where S ¢ denotes the complementary set of the set S. The proof is given in[Appendix A.2]



Appendix A. Proofs

Appendix A.l. Proof of Proposition[3.2]
First observe that we get from 2)) and (3) that

Y=XB+&. (A.1)

Let us denote ﬁ the estimator ﬁ(a) defined in (@), it satisfies the following Karush—-Kuhn-Tucker
conditions described in [[3, Section 4.2.2]:

(X' = X)), = Fsign(B). it 0,
(&Y -xB)l<3.  ifhi=0,

which can be rewritten as follows by using @) and (A1)

(CB-B") - W+ CB* -B), = ~signB). ifh #0, (A2)
l(Cc@-B"-W+CE* -p) < 2“—” if B = 0. (A.3)
If A, holds then
— B <CilW, - %Cl—,‘ sign(8%) — C;/ Ry < |B7. (A4)
LetB = (B7,07)" where
Br=B1 +CilWi — 5-Cilsign8) - Cij R. (A5)

By (A.4), 1B —B?| < |B| which implies that sign(B;) = sign(8}). Hence, B satisfies (A.2).
If B, holds then

_ 1 a g . a
[Car(Cri Wi - CrlRy - S-Cilsign(Bl) - Wa + Ry < o
which by (A.3) corresponds to (A.3)) for B and concludes the proof of Proposition[3.21

Appendix A.2. Proof of Theorem[3.1]
Let us first prove that P(A¢) tends to zero as n tends to infinity. By denoting

E=(&,....&)" =C/Wi and b= (b,...,b)" =C|lsignB}), (A.6)

we get that

. _ _ a -1 -
P(A;) = IED(|C111 Wil +IC{Ril + n [Cisign(8])| 2 |ﬁﬂ)
_ (07
< > P+ (C Ry, + 510 = 1871)

! 171 187 18*1
< Z{ﬂ”[lfjl > 7’] +P(I(C“1R1),»| > Tj] + P[%|bj| > T]]}
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By the Cauchy-Schwarz inequality, we get that for all jin {1,...,q}
q
bl < Z Ibjl < Valibll = V4lICT signBDll2 < qlICi{ Il = gAmax(CT}).
=1

By using[T3) [T3)} @ = O(n©>*D/2) and 0 < ¢; < ¢; < 1, we obtain that
q azl q azl
¢ M@I’l 2 _ M@ﬂ 2
ZEHEDY) P(|§j| > — ) > P(l(Cl [R)j 2 = ) +o(1). (A7)

J=1 J=1

Let us first prove that the second term in the r.h.s of (A7) tends to 0 as n tends to infinity.
Observing that R; defined in (9) satisfies: R; = Cy; (ﬂf —Bl) + Cpp (ﬂ; —ﬁz), we get by the
Cauchy-Schwarz inequality that

[(CriRD)| < va||CciiRil, < va BT —Bil|, + \@“C#Cn (B; —.32)”2'
By T2 l(cl_llRl)jl = Op(n~"), for all j, where the Op does not depend on j, which

proves that the second term in the r.h.s of (A7) tends to 0 as n tends to infinity.
Let us now prove that the first term in the r.h.s of (A7) tends to O as » tends to infinity. By
(A.6), @) and (3)), denoting A* the column vector of the A*’s, £ can be rewritten as follows

X|& 1 - ~
&= (Cii{w),; = (C“‘;) - (—c“lx,TA "y - /l))
I . i - -
= (;C,‘leTA Py —/1*)) + (;c,—f{\’,TA Par - /1)) . (A8)
j j

Forall jin {1,...,q},all kin {1,...,n}, by (2.3.8) of [6], we have that

l(C‘l)(Tle/z) < L (C_1X_1T) sup (;1—1/2) < L Hc—l(\f_lT sup (;1—1/2)
n\ 1 T AN VR ket T VR Vil ket
1/2
1 XTI\ XT .
= — Cl—]) (Cl—]) su e , (A.9)
\/EP ( 11 Vi 11 Vi ke‘lf’n’( k )

where p(A) is the spectral radius of the matrix A. Note that, by Theorem 1.3.22 of [7],

oS D) A )i w
11 \/ﬁ 11 \/ﬁ 11 \/ﬁ 11 \/ﬁ 11 n 11 11

From ((TT)) and ((T2)), we get that

By 1 1 _
1= — = - =72 (1+ 0pn™),
JexpuB)  \Jexp(nBt) exp(u(B - B4)
where 2 '% < exp(—xy8* /2) < exp(llxlLIB*112/2) < exp(M,||B*[12/2), by the Cauchy-Schwarz
inequality and Hence,

sup (4;'%) = 0p(1), asn — . (A.11)
kell,...,n} 5



By (A.9), (A.I0) and (A.IT)
1 o
. (CflleTA ”Z)jk = Op(n™).
Moreover, by and
A~ T = exp(uB*) — exp(uiB) = exp(uB*) (1 - expu(B - B*)))

B _ %)\
= —eXp(xkﬁ*)Z BT _ Op(1/n). (A.12)

>1 &
Thus, the second term in the r.h.s of (A.8) is Op(1/ v/n). Note that
1 . 1
(—CI‘I]XITA Py - /l*)) - (—CI‘I'XIT(Y _ /l*))
1 B 1 _
= (Z(Cl*‘) IXT(Y - /l*)) -+ (;(c1 L= () ™HXT(Y - /1*)) R (A.13)

J J

where C* = X*" X*/n with X* = (A*)"/2X, A* being a diagonal matrix having as diagonal
entries the A;"’s. Hence, the second term in the r.h.s of (A.I3) is bounded by

n

_ . 1 . .
ICT = (1) 1XT 112 [; N7 —A,:|] =ICyi = (€17 0p (1),
k=1

by Markov’s inequality and [[TT)} Since, C}, = Ci1 + (C; — C11) , we have

-1
€™ =(1d+Crlct -Cn) Cyf
and thus by Corollary 5.6.16 of [7], we get that
ICT = (€Tl = Op(ICT, = Cuill2) = Op(1/n?) (A.14)
since by Equation (2.3.8) of [6], the Cauchy-Schwarz inequality and (A.12)

I, = Curllz < L max @1 sup 14} ~ &l = Op(1/n). (A.15)
n 1<t<q 1<k<n

Thus, the second term in the r.h.s of (A.13) is Op(1/n%). To address the first term in the r.h.s of

(A.13), we shall use the following result.

Theorem Appendix A.l. (Bernstein’s Inequality, [|S, Corollary 2.11]) Let X1, ..., X, be inde-
pendent real random variables. Suppose that there exist v > 0 and ¢ > 0 such that Y};_, IE[X,%] <
v, and

& £
DRI < vt
k=1 2

for all integers € > 3. Then, for all t > 0,
2
f

Z (Xx — E[X;]) 20+

k=1

Zt)ﬁZexp[—
6




Denoting G = n~'(C}) ™' XT (A*)'/2, we get that
Ye =40
VA&

Let us now apply the Bernstein’s inequality to X; = G Y/ /4 then

I
(;(C,*l)—lx{(Y /1*)) Z Gt

ZE (X2 = Zcia £ A7) < sup (14 2) IGIE

I<k<n
<n sup (1 +45) p(GG") < sup (1 + A7) p((CT)™ h.
I<k<n 1<k<n

By Weyl’s inequalities [7, Corollary 4.3.15] and [(T3)] we get that with a probability tending to
1’

Anin(CF)) = Ain(C11) + Ain(CF; = C11) = Apin(C11) — p(CF, — C11) = Ma = |ICT; = Chilla,

Denoting 1 = max(sup; .., 45 1) and M} the positive constant such that p((Cfl)’l) < 1/M; for
large enough n, which exists by (AI3), we get by [(T3)| that v = 21/M}. Observe that

4 4
E[X] =Y E Gk _y| 16 e A*f{{f}, A.16)
Z [1x01°] = Z \/,Yk ; G Z" l (

where {f} denotes the Stirling number of the second kind and the last equality is due to the
definition of the {-th moment of a Poisson random variable. Then we have, for all £ > 3, by
Equation (2.3.8) of [6],

N |G | ! eft ull 1\8/25¢/2 - 4 1-€/2 3 g7=/25¢€/2
Z( Z/l* Z —P((Ch) )2 Z psn MR 0
k=1 ‘//l,’; i=1 k=1 i=1

_ (2
_nl—f/ZM;l—[/22€/2—1§V<ﬁ [ Va ] 0 e (A17)

_2v \/n_Mé 2vc s

with ¢ = |/A/(nM}) since ¥_, {f} <.
Hence, for ¢ = nt@1=D/2,

ncl—l

2(v +ct) 2y +n-1/2 /;UMén(crl)/z)

which gives the expected result.
Let us then prove that P(B;) tends to zero as n tends to infinity. By denoting

£
= 0",

(=) =CuC! Wi =Wa  and  d=(dy,....dy-))" = CyCysign(B]), (A.18)
7



we get that

a . a
P(BS) = P(|Cy1Cy | Wi — Wa| +|C21CT IRy — Ro| + o |Ca1Cysign(B])| > 2_n)

<

—q
_ a [07
< > PGl + KCaCil R = R+ 50 = 57

~
Q=

1
< {]P (|g,-| > 6%) + P(Kcﬂc;}Rl “Ry)jl > 6%) + ]P’(|dj| > 5)} (A.19)

<

~.

By the strong irrepresentable condition (8), we get that Z;’;;’ P(ld fl > %) = o(1). Let us now
prove that the second term in the r.h.s of tends to O as n tends to infinity. Observing that
R, defined in () satisfies: Ry = Cy; (ﬂ’l" —,Bl) + Crp (,B; —Ez), we get by the Cauchy-Schwarz
inequality that

[(CuCi{ R < VP =4 |[CuCiiRi],
< Vralca; ol + vracaciicn (g -2,

By [(T2)} [(T3)] and [(T4)] l(C21C]‘11R1)_/| = Op(n™") for all j. Using similar arguments we get
l(R2)j| = Op(n™"). Then since @ = O (n(””)/z), we get that the second term in the r.h.s of (A.19)
tends to 0 as n tends to infinity.

Let us now prove that the first term in the r.h.s of (A.19) tends to O as n tends to infinity. By

(A13), @), @) and @), £ can be rewritten as follows for all j € {1,...,p — g}

-1 X§~ Xg *
§j=(CaC Wi =Wy =|Cné - ¢ = Cé - 7(Y—/l ) > (A.20)

J J

where we recall that 2* denotes the column vector of the A7’s and ¢ = C ]‘11 Wi.

Let us consider the first term in (A.20) and prove that ]P’(|(C21§)j| > %) tends to 0 as n

tends to infinity. Let us note that the term &; is handled previously in the proof concerning Aj,.
Therefore we use the same arguments and adapt it to the term

1 -~
(Cé); = (ZC21C111X1TA 1/2(Y - /1*))
j

1 - i
+ (ZCglC”lX]TA o - /1)) . (A21)
J

The second term of (A2]) is still Op(1/ vn) since in (AT0), p(C21C;[CE) = p(C21C7[Cra) is
bounded by using and The first term of (A21) can be decomposed in the same way
as (A.13):

1 _ ~—1/2
;C21C“'X1TA /(Y—/l*))

J

1 1
= (;cz*l(c;q)le(Y - /1*)) + (;(CZICHI - C3(CH)™HXT(Y - 2%) . (A.22)

J

J



The second term of (A.22) is bounded in the same manner as the second term of (A.I3) was
handled. By observing that

Co Gyl = C(CH)™ = (Ca = C3)CY + CH(Cr = (CH)™
= (Cor = C3)C + (€3 = Ca)(Crf = (™) + Ca(Cf = (€)™,
and by using (A.T4), and the fact that
IC3; = Caill = Op(1/n?), (A23)

where we used the same arguments as in (A.I3) we get that [|C5;C; = C3,(CF) 7'l = Op(1/n?).
Thus, the second term of (A.22) is Op(1/n?). To handle the first term of (A.22), let us apply the

Bernstein’s inequality to X; = G Y;/ \/E with G = n'C3(Cr)'XT(A*)!/2. Then
zn: E[X?] = Z Go(1+27) <n sup (1+ A1) p(GG") < sup (1+ ) p(C3(CH) ™ (C3)D).
= = I1<ksn I<ksn
By Weyl’s inequalities [[7, Corollary 4.3.15]
Anax(C3(CT)THEI)T) £ 4nar((C) = C2)(CT)™ = CTHUCI)T - CL)))
+ Anax((C3) = C)(CT) ™ = CTHCE) + Anax((C3 = C2))C (C3)T = C2)))
+ Anax((C3) = C2)C1{ o)) + Aar( C1((CT) ™ = CTHACE)T = CT)))
+ Anax(C21(CT) ™" = CTHCT) + Anax(C21 C1(CF)T = C3))) + Aax(C21 C1{ CT)).

By (A.14), (A23), and [(T4)} we get that for a large enough n, p(Cgl(Cfl)’l(Cgl)T) <
M}, where M}, is a positive constant. Hence, v = (24)/Mj. Using the same bounds as in (A16)

and (A7), we get that ¢ = /4/(nM}). Thus, with 7 = n>~/2 in the Bernstein’s inequality
tZ ncz—l

2(v +cr) AUy +n12 /j/Mgn(CrI)ﬂ)

Consequently, we conclude that for o = O (n(””)/z), P(l(C21§)j| > &) tends to O as n tends to

= 0(n“?).

12n

infinity.

Finally, let us consider the second term in (A.20) and prove that IP’(

(rovr)

tends to 0 as n tends to infinity. Denoting H = n’leT (A*)'2, we observe that

1 . (Y = A7)
(—XzT(Y - ,1*)) = Z Hj———%2
n k=1 Ay

I

and we apply the Bernstein’s inequality to X; = HYi/ {/A}. Then we have

a
.Zm)

J

DIEIXF = > HR(+ 47 <n sup (1 +47) [1HIE
k=1 k=1

1<k<n

<n sup (1+A5) p(HH") < sup (1 + ) p(C})).

1<k<n 1<k<n

9



By Wey!’s inequalities [[7, Corollary 4.3.15]
/Lnax(C;z) < /Lnax(c22) + /lmux(czz - C22)-

By using the same arguments as in (A.I3) and [(T4), we get that p(C3,) < M for large enough n
and by denoting A = max(1, sup; ., A7), we get that v = 2/_1M4’1. Then, using exactly the same
argument as before we get

1 £!
Z E[IX: ] < EVCK_z,
P

withc = /1/(nM ) Hence, for ¢ = n©~D/2 in the Bernstein’s inequality, we obtain the expected
result, which concludes the proof.
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